Introduction.
One-dimensional wave propagation in an elastic-plastic bar is governed by a system of two first-order partial differential equations. In the elastic region, this system is hyperbolic and linear with constant coefficients; in the plastic region the system is quasilinear but may be linearized by a hodograph transformation. The object of the present paper is to ascertain under what conditions a canonical form of the resulting hodograph equations may be further reduced to a form associated with the wave equation. To this end, finite Baecklund transformations are introduced, and it emerges that such reduction may be achieved subject to the stress-strain law of the material under consideration adopting certain multiparameter forms. It is interesting to observe that one of these forms has already been found useful for the explicit integration of the equations for elastic-plastic wave propagation (see Courant and Friedrichs [1, p. 246] ). Here, such results are placed in the broader context of Baecklund transformation theory. It should be noted that the forms of the stress-strain relations given here can be considered of practical use only if it is possible to fit these relations to the stress-strain curves describing the behaviour of real materials. In Sec. 3, we demonstrate, as an example, that close approximation to the stress-strain curve for a cylinder of cold-rolled steel may be readily achieved using one of the forms.
2. The hodograph equations. One-dimensional wave propagation in an elasticplastic bar assumed to exhibit isotropic strain-hardening behavior, in the absence of strain-rate and Bauschinger effects, is governed in the plastic region by (Lee [12] together with the loading condition <r, > 0 for tension or <r, <0 for compression, a being assumed to be positive in tension. Here a represents the force per unit initial crosssectional area and v = du/dt where u denotes the particle displacement from its initial position x in the unstrained rod. Further, p0 represents the density of the undisturbed medium and c(a) is the speed of propagation of a disturbance. This speed is related to the gradient of the stress-strain curve by the equation
where the strain «is change in length per unit initial length. For the elastic region, the wave propagation is governed by Q, = ° PoC°2
. where H and H' are defined by (2.8) and (2.9) respectively. Transformations of the type (3.5)-(3.7) were introduced by Loewner [5] in connection with the reduction to cononical form of the hodograph equations in subsonic, transonic and supersonic flow. It emerges that reduction may be achieved subject to the real gas pressure-density relation being approximated by certain multiparameter forms. Various important approximations of gasdynamics such as the well-known Karman-Tsien relation may be extracted as particular cases of the theory. In analogous fashion, in this paper, it is shown that reduction of the system (2.8) to one associated with the wave equation may be made provided the prevailing stress-strain relation may be approximated by certain threeparameter expressions.
It is assumed that t, X, t', X' have continuous mixed second-order derivatives with respect to the hodograph variables <j>, v, so that the commutativity conditions and B, B independent of v and <j> respectively and C = C = 0, it follows that (3.15) is satisfied while (3.14) will be satisfied if B is a constant matrix. With B constant, it is immediately apparent from (3.17) that B is also a constant matrix. Eq. where £, 5 are arbitrary constants. In Fig. 1 , the theoretical stress-strain law (3.27) has been employed to approximate an empirical stress-strain curve for a cylinder of cold-rolled steel. In fitting (3.27 ) to the actual stress-strain curve, the approximating curve was required to pass through the point at which plastic deformation began and also to have the same gradient at this point. Further, the theoretical model curve was required to pass through another convenient point on the real stress-strain curve with a view to obtaining acceptable alignment for the early stages of the plastic deformation; other ways of fitting the curves are available, of course, depending on the requirements of a specific problem. The theoretical stress-strain laws (b)-(d) are similarly available for approximation purposes
